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Is Mechanics a branch of mathematical analysis?



The role of symmetry in fundamental physics
[David J. Gross, PNAS, 1996]

Symmetry principles play an important role with respect to the
laws of nature. They summarize the regularities of the laws that
are independent of the specific dynamics. Thus invariance
principles provide a structure and coherence to the laws of nature
just as the laws of nature provide a structure and coherence to the
set of events. Indeed, it is hard to imagine that much progress
could have been made in deducing the laws of nature without the
existence of certain symmetries.
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Along with Frank Wilczek and David Politzer, he was awarded the
2004 Nobel Prize in Physics for the discovery of asymptotic
freedom in the theory of the strong interaction.




Which symmetries?

"Historically, the applications of Lie groups to differential
equations pioneered by Lie and Noether faded into obscurity just

as the global, abstract reformulation of differential geometry by E.
Cartan gained its ascendency in the mathematical community”

Peter J. Olver, Applications of Lie groups to differential equations,
Springer-Verlag, New York (1986)
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Which symmetries?

"Historically, the applications of Lie groups to differential
equations pioneered by Lie and Noether faded into obscurity just

as the global, abstract reformulation of differential geometry by E.
Cartan gained its ascendency in the mathematical community”

Peter J. Olver, Applications of Lie groups to differential equations,

Springer-Verlag, New York (1986)

More than a quarter of a century later, and after hundred of
papers and many books have been published on this subject,
the first by Ovsiannikov more than half a century ago, a
young theoretical mathematician still states:

" The only useful symmetry is dilation (they can be used to
determine embeddings into Sobelev or Lebesgue spaces) and all
other ones are useless”

while a senior theoretical physicist asks:

"What are these symmetries?”
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Carl Gustav Jacob Jacobi's (1804-1851) contribution to the study
of linear first-order PDEs inspired Sophus Lie (1842-1899) who got
convinced that any integration technique for ordinary differential
equations meant the existence of certain groups of symmetries,
known as Lie (algebra) groups nowadays. Lie's method has been
successfully applied in different problems of physics for more than
hundred years, but rarely in biology maybe because the ordinary
differential equations studied in this field are generally of first order
in contrast with those in physics which are usually of second order.



Ordinary differential equations of first-order
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[ generates a Lie point symmetry for equation:
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if and only if
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M= g(va)& + T](va)@
dn d§¢y o
First prolongation : r =TI+ <dx y/dx) oy

[ generates a Lie point symmetry for equation:

H(Xayvy/) Ey,_ f(Xay) =0
if and only if

MH !
T (H(x,y,¥") o
This yields the following undetermined determining equation
on _One 08, 08
fx f,————fFf+ —=f“=0
Ehe+ iy ox 0Oy 8x 8y

Link between a Lie symmetry I and an integrating factor p

1
H=n—t¢




EXAMPLE of a first-order ODE

L. Euler, Novi Commentarii academiae scientiarum Petropolitanae
17 (1772) 105-124.

dy B o X2n—3
dx 1%

Integrating factor:
p=(y+x""H"

Lie symmetry:

0 N (y+x”_1)” B nx"2y 4+ x>"31 9

M= — —
Ox y y dy

A first-order ODE (or system) admits an infinite-dimensional Lie

symmetry algebra.
INCREASING THE ORDER DECREASES THE DIMENSION!



Ordinary differential equations gf second-order

0
= g(Xv.y)a +T’(Xay)@

Second prolongation:

e[ ()i

dx \dx Y dx dx | 9y”

I"is a Lie point symmetry of the ODE:
Eq(X,y,y/,yH) Ey”_ f(X’yv.y,) =0

if and only if

roon o
!(Eq(xayvymy )) ‘quoio

This yields the following determining equation

Ty + (2% — E)y' + (1yy — 2§Xy)(y/)2 + _(y,)gfyy + (ny — 26« —
3y'e)f — &b —nfy — [nx + (ny — &)Y — (V))?6,] =0

an overdetermined system of linear PDEs.
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W=y P+ =0 (%)
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An EXAMPLE of a second-order ODE

F. Brauer, in Mathematical Approaches for Emerg. and Reemerg.
Inf. Diseases, Springer, 2002, pp. 31-65.

W=y P+ =0 (%)
It admits a two-dimensional Lie symmetry algebra generated by:
F1 = 8X, F2 = e~ (8X — yay)

Solving
d d dy’ |
l:l:+$X:Iogy+x, Y:y—2+—
1 =y =2y -y y: oy
Then (%) is reduced to the following first-order autonomous ODE
dY !
Cvi1=0=(Y+1)eX=8 = L i11y=Be
dX y
a standard Riccati equation that yields the gen.sol. of (x) ,i.e.
Be™™
y

- Aexp[Be™] +1
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four-dimensional Lie symmetry algebra:
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Lie symmetry algebra 2A,, i.e.

The corresponding canonical transformations are (see Lie's book):
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An EXAMPLE of a fourth-order ODE

Let us consider the following fourth-order ODE which admits a
four-dimensional Lie symmetry algebra:

UNIVERSIDADE ESTADUAL
¥ DO SUDOESTE DA BAHIA

In order to solve it we transform it into a canonical form. We
consider the two-dimensional Abelian intransitive subalgebra of the
Lie symmetry algebra 2A,, i.e.

The corresponding canonical transformations are (see Lie's book):

oo uty oL 1
Y= 3(uy — @)’ - uy —3G

'UNIVERSIDADE ESTADUAL
" DO'SUDOESTE DA BAHIA

Then
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From a butterfly to a tornado with symmetries

In 1972 Edward Norton Lorenz (1917-2008)
gave a talk entitled

Predictability: Does the Flap of a
Butterfly's Wings in Brazil set off a
Tornado in Texas?

Lie symmetries can transform a butterfly into a tornado...
and a tornado into a butterfly [MCN, J. Math. Phys. 44 (2003)].



Lorenz system (1963)

X' = &(y—x)
y = —xz+Pix—y
Z xy — bz
Segur's integrable case (1980):
_ =

X o=

y' = —xz-y

Z = xy—z

corresponding third order ODE:

2xx" — 2x'x" 4+ Bxx" —3x? +2x3x +3xx + x* +x2 =0

Lie symmetry algebra L;:

Xi=08,, Xo—=e/? (aT . %ax)



Euler-Poinsot system (1750)

(B=C)

po= "x qa
;- (CA)
a = “B_P
: - (A-B)
r = ——pPq

corresponding third order ODE:

. .. MC-A(A-B) 5.
pp—pp BC pp=0

Lie symmetry algebra L;:
r]_ = 8t, r2 = t@t — pap

L, and L, are the same, i.e., Type IV in Lie's classification.
Transformation from EPS to LIS:

T = Iog(%)
_ bt
X = 7
C-—B 2
y = 2aqt

B [(c-A A-B
., = C2AB (B)r2+( C)qz}tz



and assuming:

5 4A(A - C)
 4A-3C
Transformation from EPS to LIS:
T = Iog(;%)
x = p2
. (2A—C)(2A-3C) _ >
Yy = T oA@A-3c) 1
_ (2A-0)(2A-30) )[4A2¢2—(4A—3C)%r?] 2
z = 8AZ(4A_3C)2
Transformation from LIS to EPS:
t = 2e7/2
p = XeT/2
. aT)2 (4A-3C)y
qg = e
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_ /2 Y2 4+2+z
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and assuming:

5 4A(A - C)
 4A-3C
Transformation from EPS to LIS:
T = Iog(;%)
x = p2
. (2A—C)(2A-3C)

Y = T TT2A@A=30) grt®
, — _ (2A=0)(2A- 3C)[4A%¢2—(4A—3C)%r?] 2

8AZ(4A—3C)?
Transformation from LIS to EPS:

t = 2e7/2
p = XeT/2
q _eT/? (4A-3C)y

21/(24-C)(2A-3C)(v/y?+22+2)

\V VY2242

_ /2
ro= Ae V/(2A-C)(2A-3C)

What happens if one applies the above transformation to the
general Lorenz system?



2(2A—C)(2A—3C)&
Aaasc) ar+(26-1)%
3C—4A x 4A2 g2 :

A pr + (b—1) q*—(4A—3C)?r?

4 4A22+(4A—3C)2r? 1
+r(2A7C 2(4A-3C)3A .
32 )(2A73C)[4A2q22+2(4A73C)2,2 %
iscpq — (b —1)35:2 —(4AZSCy T r

- 4A2q21(4A-3C)2r7 ¢
+r(2A—C) - 8(4A—3C)A3 re

@A—3C)GA T GA—ICP] &




g 2(2A—C)(2A—3C)& ~
p= A A(4/)4( 3C) Zar+ (25 - 1%
. 3C 4A 4A?q%—(4A—-3C)?r?
= pr+ (b~ 1)4A2q2+(4A73C)2r2 f
2(4A—3C)3A pr
+F
(2A C)(2A-3C)[4A2q 2+(4A 3C)2r2

. I 4A2 —(4A=3C)°r
F= zatycpq—(b- 1)4A2q N - 3C)2r2 i
8(4A—3C)A3

+F 7.2 7 53
\ (2A—C)(2A—3C)[AA2q>+(4A—3C)?r] t
A tornado appears!
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Complete symmetry group

In [Krause, J.Math.Phys. 35 (1994)] an extended notion of
symmetry in mechanics was introduced, to characterize a classical
system by the symmetry laws it obeys, namely different mechanical
systems cannot have exactly the same symmetry properties.
Nonlocal symmetries were considered:

N
Y = [/ E(t, xt, ... ,XN)dt] Ot + Zr]k(t,xl, ey XN) O
k=1
and then applied to Kepler's problem:

Y1 =2 </ X1dt> O + X12(9X1 + X1X2(9x2 + X1X30X3
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In [Krause, J.Math.Phys. 35 (1994)] an extended notion of
symmetry in mechanics was introduced, to characterize a classical
system by the symmetry laws it obeys, namely different mechanical
systems cannot have exactly the same symmetry properties.
Nonlocal symmetries were considered:

N
Y = [/ E(t, xt, ... ,XN)dt] Ot + Zr]k(t,xl, ey XN) O
k=1
and then applied to Kepler's problem:
Y1 =2 </ X1dt> O + X12(9X1 + X1X2(9x2 + X1X30X3
In [MCN, J.Math.Phys.37, 1996] it was shown that they can be

retrieved by applying Lie group analysis to the equivalent
nonautonomous systems.
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Complete symmetry group of the Riccati chain
In [Muriel & Romero, NARWA (2014)] it was shown that the
nonlocal complete symmetry group of each member of the Riccati
chain can be given by means of A\-symmetries.

In it was shown that indeed those nonlocal
symmetries are the complete Lie point symmetry group of the
corresponding first-order systems.

Let us begin with the first-order Riccati equation, i.e.

0= —u’. (1)
Among the infinite number of Lie symmetries, there are the
following two:
N = wu(udy,),
Mo = u(tu—1)dy,
which form a two-dimensional non-Abelian intransitive Lie algebra

(Lie Type IV). It is easy to show that those two symmetries
represent the complete symmetry group of equation (1).



Next let us consider the second-order Riccati equation, and write it
as a first-order system, i.e.

{L?l -~ 2)

o —(Burup + uf)

Among the infinite number of Lie symmetries, there are the
following three:

o= Rl(ulaul+(D—u1)(u1)@U2),
r, = R1<(tu1 —1)8y, + (D — uy)(tuy — 1)au2),

M = R ((t2u1 — 2t)8ul + (D — ul)(t2u1 — 2t)8u2>,

where D = 0y + u20,, and Ry = up + uf. Those three symmetries
generate the complete symmetry group of system (2).



The third-order equation in the Riccati chain can be written as the
following first-order system:

i = u,
p = us, (3)
i3 = —(4uus+3u3 + 6uiup + uf).

Among the infinite number of Lie symmetries, there are the
following four:

M = R2<U18ul + (D — 1)(u1)Buy + (D — u1)*(u1) 0u3)
o= RZ((tul —1)3y; + (D — u)(tur — 1)y, + (D — u1)?(tun — 1) 01,3)
rs = R2<(t2u1 —20)8y, + (D — u)(Puy — 20)3y, + (D — u)* (P — 2t)du3>
Ty =R ( 3 2)¢ 3
4= Ro((t7ug — 3t%)Au; + (D — u)(t7uy — 3¢2 )Ouy + (D — ul t up — 3t )Ous3 )

where D = 0; + u20,, + u30,,, and Ry = u3 + 3upup + uf. Those four
symmetries generate the complete symmetry group of system (3)



Consequently, the complete symmetry group of the first-order
system corresponding to the nth equation of the Riccati chain, R,
is generated by the following n+ 1 operators:

- n 1 E - U1 OUJ+17

M= nlz — Y (tuy — 1)0u;. 5

-1
n+1 n 1 § - Ul t uy — nt" )8Uj+17

where D = 0y + Z 1 uJ+18L,J and R,_1 is the (n — 1) member
of the Riccati chain.
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Why not the complete symmetry group
Let us consider again the first-order Riccati equation, i.e.

U= —u?

Among the infinite number of Lie symmetries, there are also the
following two:

X1 = 0%, Xo = <t—1> O,
u

which form another two-dimensional non-Abelian intransitive Lie
algebra (Lie Type IV).

However, those two symmetries DO NOT represent the complete
symmetry group since they are also two symmetries of

u=0.



About 102 years ago

Invariante Variationsprobleme.

(F. Klein zum fiinfzigjibrigen Doktorjubilium.)
Von
Emmy Noether in Gdttin

Vorgelegt- von F. Klein in der Sitzung v

Es handelt sich um
liche Gruppe (im Lieschen Smne) gestatten; die ﬂ.a,ruus sich er-
gebenden ir i
finden ihren allgemeinsten Ausdruck in den in § 1 formulierten,
in den folgenden Paragraphen bewlesenm Sitzen. me: diese aus.
lassen
sich viel Prammmsssgen machen m iber beliebige, eine Grappe
der Lieschen
Untersnchnngen bilden. Das folgende beraht also auf einer Verbin-
dung der Methoden der formalen Variationsrechnung mit denen der
Lieschen Gruppentheorie. Fiir spezielle Grappen und Variations-
probleme ist diese Verbindung der Methoden nicht neu; ich er-
wihno Hamel und Herglotz fiir spezielle endliche, Lorentz und
sgeisie Sobitiler (z. B.Fokker), Weyl und Klein fiir spezielle unend-
liche Grappen?). Inshesondere sind die zweite Kleinsche Note und
die vorliegenden Ausfiihrangen gegenseitig durch einander beein-
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Vorgelegt. von F. Klein in der Sitzung vn

Es handelt sich um e konti
liche Gruppe (im Lieschen Smne) gestatten; dio daraus sich er-
gebenden

finden ihren allgemeinsten Ausdruck in den in § 1 formulierten,
in den folgenden Paragraphen bewiesenen Siitzen. Uher diese aus

Dif lassen
sich viel }Jréz:seteAnsssgen machen als ther beliebige, cino Grappe
der Lieschen
Untersnchnngen bilden. Das folgende beraht also auf einer Verbin-
dung der Methoden der formalen Variationsrechnung mit denen der
Lieschen Gruppentheorie. Fiir spezielle Grappen und Variations-
probleme ist diese Verbindung der Methoden nicht neu; ich er-
wihno Hamel und Herglotz fiir spezielle endliche, Lorentz und
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liche Grappen?). Inshesondere sind die zweite Kleinsche Note und
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For those differential equations that arise from variational problems, the
statements that can be formulated are much more precise than for the
arbitrary differential equations that are invariant under a group, which are
the subject of Lie's researches. What follows thus depends upon a
combination of the methods of the formal

calculus of variations and of Lie's theory of groups.
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Noether’s Theorems

Kosmann-Schwarzbach's excellent book (2011,2018): historical
background and account of the developments in various fields.

Olver's book (1986, 1993): a modern mathematical formulation.
In Olver, Sigma, 2018: The First Noether Theorem establishes the
connection between continuous variational symmetry groups and
conservation laws of their associated Euler-Lagrange equations.

The Second Noether Theorem deals with the case when the variational
symmetry group is infinite-dimensional, depending on one or more
arbitrary functions of the independent variables, e.g., the gauge
symmetry groups arising in relativity and physical field theories.

Here we are mainly concern with Noether's First Theorem.



Lagrangian equations and Noether’s first theorem
Variational problem most familiar to physicists:

L= L(t,q(t),q(t)),

with its corresponding (Euler)-Lagrangian equations:

d [ JL oL
— =) = =— k=1,...,n).
dt <6qk> 8qk’ ( ' /n)

Then a Noether symmetry has to satisfy the following relationship:

d¢ df
L—= L)y=—
dr " E( ) dt’
where f = f(t,q) is a function to be determined, and "1 is the

first prolongation of ' = £(t,q)0: + > )1 7k(t.q)q, -



Lagrangian equations and Noether’s first theorem
Variational problem most familiar to physicists:

L= L(t,q(t),q(t)),

with its corresponding (Euler)-Lagrangian equations:

d [ 0L oL
— = k=1,...,n).
dt< ) ( R

dax ) dax’
Then a Noether symmetry has to satisfy the following relationship:
dé df
L= L)y=—
i E( ) dt’

where f = f(t,q) is a function to be determined, and "1 is the
first prolongation of ' = £(t,q)0; + > _1 nk(t.q)dq,. Thus,
Noether's theorem vyields the following first integral:

oL
| =€L+ S — — ¢ — f = cost.
§ ;8%(% qké)



Missing Noether symmetries
The key to find Noether symmetries is the boundary term . In
Mechanics courses, students are usually taught very simple
Noether symmetries of the natural Lagrangian (namely, Kinetic
minus Potential energy), e.g., translation on time, that yield
f=constant. Indeed, one may have to deal with a very complicated
f in order to find a Noether symmetry.
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The key to find Noether symmetries is the boundary term . In
Mechanics courses, students are usually taught very simple
Noether symmetries of the natural Lagrangian (namely, Kinetic
minus Potential energy), e.g., translation on time, that yield
f=constant. Indeed, one may have to deal with a very complicated
f in order to find a Noether symmetry.

presented the following Lagrangian

1 . . 1
L=2m(d + ) — Sk(ai + a3) + tar, (k,m = const), (4)
and its corresponding Lagrangian equations
. k t . k
Gi=—-——q+—, Go = ——qa. (5)
m m m

There three first integrals were determined, with the claim that
only one was related to Noether symmetries.
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In MCN, Phys. Lett. A, 2011, eight Noether symmetries and
corresponding conserved quantities were derived.



System (5) is linear therefore it admits a fifteen-dimensional Lie
point symmetry algebra, isomorphic to s/(4, R). Then, the
Lagrangian (4) admits eight Noether symmetries and
corresponding eight conserved quantities:
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FMa = lha= \/?(kql — t)sin (\/Zt) + (kg1 — 1) cos <\/zt> m
s = Ihs= \/?(kql — t)cos (\/gt) — (kg1 — 1)sin (\/gt) m.

None admits f = constant, e.g.:
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Further details on system (5) in MCN, Phys. Lett. A, 2011.

(6)



Lagrange vindicated

In the Avertissement to his " Méchanique Analitique” (1788)
Joseph-Louis Lagrange (1736-1813) wrote:

The methods that | explain in it require neither constructions
nor geometrical or mechanical arguments, but only the algebraic
operations inherent to a regular and uniform process.

and will be grateful to me for thus having extended its field. (tr.
by J.R. Maddox:)




Lagrange vindicated

In the Avertissement to his " Méchanique Analitique” (1788)
Joseph-Louis Lagrange (1736-1813) wrote:

The methods that | explain in it require neither constructions
nor geometrical or mechanical arguments, but only the algebraic
operations inherent to a regular and uniform process.

and will be grateful to me for thus having extended its field. (tr.
by J.R. Maddox:)

It is a joke, isn’t it??!!



Final remarks
David J. Gross, PNAS, 1996

We are embarked on a new stage
of exploration of fundamental
laws of nature, a voyage guided
largely by the search for and the
discovery of new symmetries.
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In the mean time, let's search for these hidden symmetries...
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Fantastic symmetries and where to find them
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