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Motivation for Lorentz violation

Motivation for Lorentz Violation

@ The nature of spacetime.
[Bernadotte, Klinkhamer (2007), Phys. Rev. D 75,
024028]

@ Lorentz violation from string theory.
[Kostelecky, Samuel (1989), Phys. Rev. D 39, 683]

@ Loop quantum gravity theories.
[R. Gambini and J. Pullin (1999) Phys. Rev. D 59,

124021]
@ Noncommutative spacetimes.

[xH, x"] = iO" N
. A @1 J AR
@ [Carroll, Harvey, Kostelecky, Lane, Okamoto )%\YLLL «JQ\AVu:gﬁ e JJ\;/&
(2001), Phys. Rev. Lett. 87, 141601] §“v{ ﬁ et %”JL ﬂ%“ﬂ 3
» Phys. Rev. Lett. 87, RS NS IR ENA T E o
@ [Schreck (2014), Journal of Physics: Quantum Foam
Conference Series 563, 012026]
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Standard-Model Extension (SME)
Outline

© Standard-Model Extension (SME)
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Lir e o G
Properties of the SME

@ Sub-Planckian effective description of
Lorentz violation.

o Extension of Standard Model and
General Relativity.
[Colladay, Kostelecky (1998), Phys. Rev. D 58,
116002; Kostelecky (2004), Phys. Rev. D 69,
105009]

force carriers

&

Lsme = Lsm + Lgr + 0Ly, J

@ The controlling coefficients:

o Minimal +— contains all renormalizable
operators (d = 3,4)

o Nonminimal — contains all
nonrenormalizable operators (d > 4)

modified force carriers

el
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Lir e o G
Properties of the SME

@ CPT-violating contributions taken into account.
[Greenberg (2002), hep-ph/0201258]

@ Lorentz violation becomes manifest as background field.
@ Background couples to fields and modifies them.
@ Background: Nongravitational SME # Gravitational SME.

[R. Bluhm, N.L. Gagne (2008), hep-ph/0802.4071; R.V. Maluf, C.A.S. Almeida, R. Casana, and M.M.
Ferreira Jr (2014), hep-th/1402.3554; R. Bluhm (2015), gr-qc/1401.4515]
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Lir e o G
Properties of the SME

E. &M,
Newton's Atoms, Cosmology, Newtonian
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[M. Mewes, Fourth SME Summer School 2021]
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Lir e o G
Symmetries and Sectors of the SME

@ The gauge symmetry SU. (3) x SU, (2) x Uy (1) should be respected

SU.(3) X SU(2) % Uy
4 1 {
8 G 3 W7 By

x=1,...,8 a=1,...,3

G, =0, GY — 9, Gt +g3fﬁ”‘,YGﬁG
W3, = 9, W7 — 9, W2 + gae e WEWE,
Buy = 3uBy — 3, By,

@ The SM Lagrange density shown previously reads,
‘CSM ﬁLepton + £Quark + L:Yukawa + £H1ggs + L:Gauge'

Field strength tensors =

@ And for the deviation from the exact Lorentz symmetry we have,

_ CPT—par CPT—impar CPT—par CPT—impar CPT—par
(S‘CLV = L Lepton +L Lepton + ‘CQuark + ‘CQuark + EYukawa
CPT—par CPT—impar CPT—par CPT—impar
JrﬁHiggs 'CHiggs + L Gauge + L: Gauge
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Ll T TR s
Exemples of Background Fields Couplings in SME

CPT— i s i I
‘CLeptofar =3 (cL)wag Lar' D" Lg + 5 (cR)wag Rar" D' Rg.,
CPT—i _ .

[’Lepto:\mpar == (aL)yAB Lav'Lp — (aL)yAB Rav"Rg,
CPT— 1 " 1 A
‘cGaugepar = _5 (kG)K/\yv tr <GK GP”/) - 2 (kW)K)\IW tr (WK W/’”’)
1 A
Z (kB)K)\yy B* BHVY
[’CPTfimpar _ 1 K KAy G G 2. GGG
Gauge = E( 3) € tr| Gy ;41/+*1g3 A G Gy

+ (k2) K’\’“’tr(WAWW—&-31g2W/\WyW,,)

(k1) €MV By\Byy + (ko) B".

-M»—l r\:\
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SIELLETCRVEL R RSN EILWEIVIHE Single-Fermion Sector

Single-Fermion Sector

@ The Lagrange density for the single-fermion sector is of the form:
1 A
L= Elp (’y id, — my + Q) Y +H.c,

Q = S -+ 173')/5 ar V}lr)/y aF ./4#’)/5')/;1 aF ET}WO—]W-

@ For instance, we can decompose the nonminimal V¥ and A* operators:

Vi =VYO# L y@rviig ) + YOI (ig,) (i0,) + . ..

Nonminimal

Minimal
Ar = AGH L A®#v(ig,)) 4+ ABH (39, (i9,) + ...

Nonminimal

Minimal

1 de dezembro de 2022 12 /46
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SIELLETCRVEL R RSN EILWEIVIHE Single-Fermion Sector

Single-Fermion Sector

@ It is always convenient to rewrite the latter Lagrangian in a more
suggestive form:

L= %1/_1 (I"io, — M) ¢ + H.c.

o Using the 16 bilinear covariants, [’ and M can be decomposed as
follows:

. . 1.
1—'1/ — ,YV_}_éVV,),M_Fd.uV,YS,YV_{_éV_|_1f‘V,)/5_|_§g/\KVO.AK,

~ 1.
= my + M+ imsys + éy'}’y + by')/5')/y + EHHVO}W-
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SIELLETCRVEL R RSN EILWEIVIHE Single-Fermion Sector

Single-Fermion Sector

@ The correspondences between the above coefficients are:

S=ée—m, P=Ff—rms, VF=et—2a"
Ay: d"‘u _ Bﬂ, 7‘-;11/ _ g_yv _ I:I//II/.

Operator Type d CPT  Cartesian coefficients
m Scalar Odd >5 Even m(d)a1tz &3
M Pseudoscalar Odd >5 Even m(d)alaz"'“d’3
3 Vector Odd >3 0Odd 2 @psaas
b Pseudovector  Odd >3  Odd b(dpertz g3
fol Vector Even >4 Even c(dpeanz..aq-3
dar Pseudovector Even >4  Even d(Dnarez...ad-3
é Scalar Even >4 Odd e(d)aanz..ag-3
f Pseudoscalar Even >4  Odd fld)azaz..aq-3

g Tensor Even >4 Odd (d HVRala...Xd—3
Anv Tensor Odd >3 Even (d Jpvagz..nd-3

ostelecky, Mewes (2013), arXiv:1308.4973]

K Y,
JA.AS. Reis (UESB)
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Standard-Model Extension (SME) Electromagnetic Sector

Electromagnetic Sector

Lagrange density for the electromagnetic sector

1 1 A 1 ~
£(1+3) = _ZF‘quVV —|— EEAKVVAA(/(AF>KFHV — ZFK)L(kF)

KApV Fyv ,

where A, is the U(1) gauge field and F,, = d,A, — /A, the
Background fields

N

(kap)e= ). (kﬁ\cﬁ)xal"'a(m)aal...aa

field strength

(d-3)
d=odd
L oNKAuv (d)\xkAuveay...a(
(kp) Y = ) (kMm@ By, -
d=even
y
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Neutrino Sector
Neutrino Sector

Lagrange density for the neutrino sector

1_ ) A
L= E‘YA ('y?‘ﬁyzSAB — Mug + QAB) Y5+ H.c

Euler-Lagrange equations

(71104048 — Mag + Qag) ¥ = 0.

Background fields

Oug = 2 BYI
I

= SAB + i75A3’75 + Y}KB,YH + AZB")%’YV 77450}41/-

2
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Standard-Model Extension (SME) Neutrino Sector

Neutrino Sector

A useful refinement first involves decomposing Qa5 as:

Y pudag — Mag + Onp = fﬁgpy — Mag, J

in analogy to the usual decomposition in the single-fermion limit of the
minimal SME.

Splitting CPT-even and CPT-odd terms

- R A N . 1. xA
I'* = ’YyéAB + C}L/\FB,)/V + dZé’)’s’)’v + eﬁB + 1fAyB’)’5 + EgZByUKAv

A . R . A 1.
M = Mag + mag + imsapys + d4gvu + Dagvsyu + EHf\VBUw,

where A and B range over 2N values. We must recall that we are allowing
N Dirac neutrinos and N Majorana neutrinos.
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Minimal and Nonminimal SME
Minimal and Nonminimal SME

SME
known hysics _ fquantum
D(Jy T 0t ot «F T gravity
leading-order (renormalizable?) remnants
known physics \ quantum
SM +p (gR T 0 T o F ot T gravity

/

higher-order nonrenormalizable remnants

[M. Mewes, Fourth SME Summer School 2021]
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Nonminimal Planar Electrodynamics’
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Outline

© Dimensional Reduction
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Dimensional Reduction Procedure to deriving a field theory in (1+42) dimensions

Dimensional reduction of the electromagnetic sector

There are several procedures to derive a field theory of a (1+2)-dimensional
electromagnetism from a (143)-dimensional parent theory.

@ A first method could be a simple projection, i.e., to set the third
component of the gauge field to zero and to disregard any dependence
on the third spatial coordinate, e.g., A?(t,x(3)) i A¥(t,x()) with
ue{0...2}.

@ An alternative, more sophisticated approach to construct a
(14-2)-dimensional daughter theory from a (143)-dimensional parent
theory, is to disconnect the third component of A" from the gauge
field and to reinterpret it as a scalar field ¢ where the third spatial
coordinate is again omitted.

[J.A.A.S. Reis, Manoel M. Ferreira Jr. and M. Schreck, Phys Rev D. 100, 095026 (2019)]
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Dimensional Reduction Procedure to deriving a field theory in (1+42) dimensions

Dimensional reduction of the electromagnetic sector

Dimensional Reduction of the fields

A3 (1 x3)) s AF(£,x?)),
Anzz(t,xP) = Ay (t,x?),
At x®) 5 ¢(t,x2),

As(t,x3)) = —(t,x?)).

This technique is sometimes called dimensional reduction in the literature.
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Dimensional Reduction Procedure to deriving a field theory in (1+42) dimensions

Dimensional reduction of the electromagnetic sector
Due to the presence of Lorentz violation, dimensional reduction must also
be applied to the background fields and the Levi-Civita symbol:

Dimensional reduction of background

IS

(kar) 2 (£, x3)) = (kap)<(t.x?)

IS

(kar)3 (£, x3) 1 kap(t,x@)

PN A

(kar)rza(t.xB3)) = (kap)x(t,x1?),

N

(kar)3(t.x3)) = —kar (2,x12),

8)\]41/3 — EAyv,

where e' is the Levi-Civita symbol in (142) dimensions.
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Dimensional Reduction Procedure to deriving a field theory in (1+42) dimensions

Dimensional reduction of electromagnetic sector

Carrying out this procedure for the individual terms, we get:

1

N 1 1
_ZFﬁﬁFyv — _ZFVVF}W I anqba%.

1 ~ 22 A0 1 ~ ~
_ZFki(kF)KAMVFﬁA = 1 K)\(kF)KMWFyv - axq?(krp)wau‘l’

+ FK/\(&JF)KAVBV(P )

N A ~ 1 r
e A5 (kap ) Fao — —M Ay (kap)0udp — E‘C'MVAA(/‘AF)FHV

— SyKvﬁb(&AF)xayAv ]

N —

~

where we have defined (ky)™ = (kr)**#3 and (kyp)™ = (kg)*3.

J.A.AS. Reis (UESB) LORENTZ-VIOLATING THEORIES 1 de dezembro de 2022

24 /46



Dimensional Reduction Procedure to deriving a field theory in (1+42) dimensions

Dimensional reduction of the electromagnetic sector

The planar Lagrange density obtained after dimensional reduction is

1 1 1 A
Loz = = FuF" + 50u¢0"¢ — E‘SAWAA(/(AF)FVV

1 ~ ~
- Z KA(kF)K/\WF;w - aK‘P(k(P)KHaM(P

+ e [ (kar )xdu Ay — Ay(kar )xdud]
+ Foa(kor )" 0pp

@ The first term describes the kinematics of an eletromagnetism in
(142) spacetime dimensions;

@ The second is the kinematic term of the scalar field;

@ The third and fourth are the direct successors of the CPT-odd and
CPT-even modifications in (1+3) dimensions.

J.A.AS. Reis (UESB) LORENTZ-VIOLATING THEORIES 1 de dezembro de 2022 25 /46



Dimensional Reduction Euler-Lagrange Equations

General Euler-Lagrange Equations

Euler-Lagrange equation for higher-derivative field theories:

oL oL oL
=3¢ (a(cw)) e <a<ayav¢>>

L
4 (=1)"Dy, .0y, (M> |

0= D(P — 2(/?4,)"”8;(8,445 — EKVV(/A(AF)KFMV
+ (kpr)" 0y Fer

0=09,F" — Suvp(;}AF)va + (/?F)W"paa/:vp
= 28”1/‘0(/2,4/:)1,857(,0 + 2(/24)[:)”14)81,8‘04).

V.
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Dimensional Reduction Green'’s functions and perturbative expansion

Gauge Fixing

o Gauge invariance prohibits a perturbative treatment of the daughter
theory in (142) dimensions.

@ Therefore, we add a gauge-fixing term with the gauge-fixing parameter
¢. Doing so, we get

£ 1 2
£%1+2) =Lt — E(a AT J

@ We transform the new Lagrange density to momentum space where it
can be written in a suggestive form as follows:

B = <A ¢) <(0 A?V)T Uj@iV) <;\> ' J

J.A.AS. Reis (UESB)
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Dimensional Reduction Green'’s functions and perturbative expansion

Convenient Formulation of Theory

In terms of the (3 x 3) matrix and the Lorentz-violating operators

Myy = —p* Oy + Ky + il — ':;Q"” :
the scalar

S=p*-D,
the projectors

®yv = Nuw — va 0

Pupv

Q,, =
Hv p2

R;w = 2(/A<F)wcﬁvPKF’/S )

Ly

2(/2AF)S;4/5,,p‘B :

A

2(k¢F)yKﬁPKP/S '

UF
Vy = 25;41(1/(/2AF)KPV.

D = 2(kyp)"™" pepy
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Dimensional Reduction Decoupled Theory

Green's Function for Scalar Field

The Lagrange density for the scalar field reads

where

S=p"=D,  D=2(k)"pcpy ]

The Green’s function corresponds to the inverse of the operator $ whose
result is readily obtained:
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Dimensional Reduction Decoupled Theory

Green's Function for Planar Electromagnetic Field

The treatment of the planar electromagnetic field is a bit more involved.
We consider the Lagrange density

1
La= SAMIMA, . J

The inverse of the (3 x 3) matrix M* can be expressed in terms of the
metric tensor and suitable contractions of the original matrix. We found

1 (1, af 1 0%\ [ vy
Aw =75 {2 {(M"‘M — M“Wﬁa] M — (M%) My + MVﬁMﬁv} '

where the denominator R corresponds to

3R = (W1%)3 — 3(WIF N1, ) (W7, -+ 201°F Kt W17 |
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Dimensional Reduction Decoupled Theory

. 1 N
M”‘a:—<2+§)p2+K”‘a,

NI 1 - ALB P
M“ﬁMﬁlX = <2+ é’2) p4 _2p2Ku¢a _ L‘x‘BLﬁa

+ R“ﬁkﬁa '

~ ~ ~ 1 N

NP Wlg, M7, = — (2 + ?> p® +3p*K*,
+ 3p2(["‘/3[ﬁ,x - R“ﬁkﬁa)
+3(iL" Ry, K", — [P L, K,
+ R Rp Ry — il L5 17, .

Due to the tensor structure of A, we also need:

SR 1 5L 57 5Lt
I\/IW;MﬁV =p* <®HV + ?QW) —2p?* (K +il) + (K—|—1L)yﬁ(K—|—1L)ﬁv.
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Modified dispersion relations
Modified Dispersion Relations: Scalar Field

At leading order in the operator 124,, the positive-energy solutions are given
by

—2k0ip’ + ¥ (k
E®@p)=—2"— Ue) +...,
1— 2k
A Po=wo (P)
) = \/4(RYpI)2 + (1 — 2K00) (2 + 2kEpipl)

where all additional py are understood to be replaced by the standard
massless dispersion relation wq(p) = |p|.

J.A.AS. Reis (UESB) LORENTZ-VIOLATING THEORIES 1 de dezembro de 2022 32 /46



Dimensional Reduction Modified dispersion relations

Modified Dispersion Relations: Electromagnetic Field

Inserting the background fields, the denominator R can be written in the
form

2
p L [Rupge feB ]
R=-% {Pz(p2 —R%) =5 |RPRaa = (R%)? = 1P Lga] }
_ &4Rphys
with
1 . ~ N ~ N
RPN = p? — <1 + 2(kF)W;w> K+ K" (ke — 4(kar)?
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Modified dispersion relations
Modified Dispersion Relations: Electromagnetic Field

Independently of the form of the Lorentz-violating background field, the
standard dispersion relation in two spatial dimensions is a two-fold zero of
R with respect to pp:

w1 (p) = wy .
The third dispersion relation involves the Lorentz-violating operators. For
the first case, we simply set [W = 0 and obtain:

1 A, A
WO ®)lhgemo = 92+ 5 [R5 YR
2 po=wo(p)

Y(K) = \/2R"B Ry, — (R2,)2.
For the second case, we insert R,,V = 0, which leads to

0 (0)ler—0 = /22 + 4(kar )| T
po=wo(p)
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Dimensional Reduction Classical Solutions

Classical Solutions

@ At this point we have the necessary tools ready to deal with the field
equations.

@ We consider the uncoupled equations that are obtained by setting the
couplings equal to zero. Furthermore, we take inhomogeneities into
account:

J(x) = 0¢ — 2(ky) 050, ,

#(x) = OA¥ + e®ap Fyp — (Kp)F7V990 Fyg

where we used the Lorenz gauge condition d - A = 0 in the second
equation to fix the gauge.

@ The inhomogeneity associated with the scalar field is j(x) and j*(x) is
an external, conserved four-current density coupled to the
electromagnetic field.
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Dimensional Reduction Classical Solutions: Scalar Field

The general homogeneous solution is a superposition of plane-wave
solutions involving the modified dispersion relations:

om d? 1
P = / (271[;2 Zk: 2E(k)(p)¢(k) )

¢(k) (X) — a(k)(p) eXp(—ip,,(ék)Xa) + a(k)*(p) eXp(ip,gk)XD‘) .

Here, a(k) is an appropriate plane-wave amplitude, a(k)* its complex

conjugate, and (p(k)*) = (E(¥) p) with the appropriate dispersion
relations. Note that all dispersion relations E(X) must be summed over.
The inhomogeneous solution can be written as a contour integral in the
complex pg plane:

P00 = G . dm [ &0 84 (p)i(p) expl—ipix).

with the Green's function Ag(p), the Fourier-transformed inhomogeneity
J(p), and an appropriate contour Cg.
J.A.AS. Reis (UESB) LORENTZ-VIOLATING THEORIES 1 de dezembro de 2022 36 / 46



Dimensional Reduction Classical Solutions: Electromagnetic Field

The treatment of the electromagnetic field is a bit more involved. The
plane-wave homogeneous solutions involve the modified polarization vectors
as wave amplitudes:

om d? 1
Ap (x) = / (271[;2 ; 2w<k>(p)A;(4k)(X) .

AL (x) = el (p) exp(—ipx") + ell)” (p) exp(ip)x")

The inhomogeneous solution for an external, conserved current density j# is
obtained by means of the Green's function Apy. Therefore, the
inhomogeneous solution can also be written as a contour integral in the
complex pg plane:

1

Ai;?(x) = W

/ dpo / d*p ALY2(p)J¥ (p) exp(—ipax),
where j# is the Fourier-transformed three-current density and C, is an

appropriate contour.
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Final Remarks |
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Outline

© Summary and outlook
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Summary and outlook Dispersion Equation

Summary and outlook

o Lots of motivations justifies the investigation of possible deviations
from Lorentz symmetry;

@ SME provides an effective sub-Planckian framework to parameterize
CPT and Lorentz violation;

@ Lorentz violation becomes manifest as background field that couples
to the physical fields;

@ Nonminimal terms should be considered as corrections becoming
dominant for increasing energies;

@ Under consideration: fermion sector with both spin-degenerate and
spin-nondegenerate operators, Fotons and Neutrino;

@ All results can be used in applications of field-theoretical and
phenomenological problems.
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Summary and outlook Dimensional Reduction

Summary and outlook

e Nonminimal framework for electromagnetism in (2+1)-dimensions was
obtained.

@ Nonminimal terms should be considered as corrections becoming
dominant for increasing energies.

@ The modified dispersion relations for electromagnetic waves were
computed at leading order in Lorentz violation.

@ Results can be used in applications of field-theoretical and
phenomenological problems like:
o Applications of this lower-dimensional modified electromagnetism to
planar condensed-matter systems,
e Study nonminimal effects in processes like: Cherenkov radiation in
(2+1)-dimensions, scattering in (241)-dimensions, ...
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Summary and outlook Current projects

Summary and outlook

© Planar Electrodynamics;

@ Generation of geometric phases in the nonminimal framework;
© Fermions in (2+1)-dimension;

@ Thermodynamic properties of mesoscopic systems;

@ Correspondence between Classical Lagrangians and Finsler Geometry.
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Summary and outlook Classical Kinematics

Summary and outlook

o Classical Lagrangians provide description
of Lorentz violation for classical,
pointlike particles based on SME;

e First-order Lagrangians for the whole
nonminimal SME;

@ What else could be done:

e Promote the Lagrangians to Finsler
geometries,

o Calculate properties like: curvature,
geodesics, connections, - - -
[Kostelecky, Phys. Lett. B 701, 137 (2011)]
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