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Passeio aleatério

Passeio aleatdério: um pouco de histéria

O poema De rerum natura (Sobre a natureza das coisas), obra didatica sobre os

principios e a filosofia do epicurismo do filésofo e poeta romano Tito Lucrécio
Caro (94 a.C. - 50 a. C.) cita:

“Os atomos movem-se num infinito vazio.
O universo é composto de dtomos e vazio, nada mais.

Devido a sermos compostos de uma sopa de atomos em constante movimento.
As formas de vida neste mundo e nos outros estdo em constante movimento,
incrementando a poténcia de umas formas e diminuindo a de outras.

Os sentimentos percebem as colisdes macroscépicas e interacgdes dos corpos”
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Passeio aleatério

Movimento Browniano

Em 1827 o bidlogo escocés Robert Brown observou que particulas encontradas em grios
de pdlen na dgua moviam-se através da dgua, com movimentos por “vontade prépria”

Em 1905, Albert Einstein em sua tese de doutoramento publicou a primeira teoria do
movimento Browniano, obtendo I' = RT/(6manNa) para o coeficiente de difusdo

Em 1908, o fisico francés Paul Langevin definiu o movimento Browniano

dv

il +&(t) , mn = coeficiente de viscosidade , &(t) = forca aleatéria
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Passeio aleatério
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Passeio aleatério

Descricdes deterministica e probabilistica

Suponhamos a dindmica discreta de um sistema em uma dimens3o, em que
Xo,X1,Xo,...,X,,... representam as posi¢es de uma particula nos instantes
t=20,1,2,...,n,.... Isto, por exemplo, permite modelar o movimento Browniano

descrigao deterministica (eq. Hamilton) = descri¢ao probabilistica (eq. mestra
MECANICA DA PARTICULA — MECANICA ESTATISTICA

(x1(t),...,xn(t),p1(t),...,pNn(t)) = P(z,t) distribuigdo do sistema

em que P(xz,t) é a densidade de probabilidade do sistema estar na posicdo = no
instante ¢
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Passeio aleatério

Definicdo de passeio aleatdrio classico (classico)

Probabilidade de dar um passo i-ésimo X; =1 ou X; = —1:
PXi=+1)=p , PX;j=-1)=1-p
O valor esperado (média) e a varidncia no i-ésimo passo sio

EXi) = (#Dp+ ()1 -p)=2p -1

V(Xi)=(1-02p—1)°p+(-1—(2p—1))*(1 —p) = 4p(1 — p)

Vemos que para o caso particular de um RW simétrico ou padrdo (p = 1/2) temos

P(X;=+1)=1/2 , E(X)=0 , V(X)) =1
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Triangulo de Pascal parap=1/2en =5

k 5] —4a]-3]-—2]-1]0]1]2[3[4]5
P(Sy =k) 0
2P(S, = k) 1 1
22P(Sy = k) 1 2 1
25P(S3 =k) 1 3 3 1
21P(Sy = k) 1 4 6 4 1
2P(Ss=k) | 1 5 10 10 5 1
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Passeio aleatério

Trajetérias do RW - Homogeneidade

n
S,=X1+Xo+...+X,= ZXi (posigao depois de n passos)
i=1

c6digo Mathematica: ListLinePlot[Accumulate[RandomChoice[-1, 1, 100]], Frame — True,
FramelLabel — Style[“number of steps”, FontSize — 18, Black], Style[ “position of walker”,
FontSize — 18, Black], LabelStyle — Directive[Black, FontSize — 16], PlotStyle — Black]

position of walker

S S S S S S S S

0 20 40 60 80 100
number of steps

Ignacio Sebastidn Gomez UESB - Itapetinga IX Ciclo de Semindrios do Curso de Fisica



Conexao do passeio aleatério com a equacao de difusao

A equag3o mestra para P(x,t) em uma rede unidimensional de pardmetro a é
P(z,t+ At) =pP(x 4+ a,t) + (1 —p)P(x — a,t)
o P

<= m)p
-3a -2a -a Xo=0 a 2a 3a 4a

0000 0 0 0

para p = 1/2 no limite a — 0 e At — 0 a partir das aproximagdes

OP a®? 0P opP
P~ _—t —— P 2 —_—
Pz +a,t) = P(z,t)  a B + 5 a2 (x,t + At) = P(z,t) + At 5
obtem-se a equacdo de difusdo (Fokker-Planck equation, FPE) de P(x,t)
2 2
OP(z,t) Fa P(z,t) r—@

ot 022 ’ 2At
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Solugdo da equagdo de difusdo (caso livre)

10 ]
= 8 ]
3
z 6 1 — t/1=0.01
= — t/7=0.1
k4 ] =0-
™ t/t=1
~ 2 \\ ] /710
— t/r=
] 1\
0 / 7 ~ \ 4
-2 -1 0 1 2
X//o
1 .2 or
P(z,t) = o (z() =0 , (@@ =Tt , 7=
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Passeio aleatério deformado

Estatistica ndo extensiva: introducao

Possible Generalization of
Boltzmann—-Gibbs Statistics

Constantino Tsallis'

Received November 12, 1987, revision received March 8, 1988

With the use of a quantity normally scaled in multifractals, a generalized form
is postulated for entropy, namely S,=A[1-X1, p#l/(g—1), where geR
characterizes the generalization and { p;} are the probabilities associated with W
(microscopic) configurations (W e N). The main properties associated with this
entropy are established, particularly those corresponding to the microcanonical
and canonical ensembles. The Boltzmann-Gibbs statistics is recovered as the
g — 1 limit.

ADITIVIDADE: uma entropia S é aditiva se para dois sistemas A, B independentes
S(A+ B)=S(A)+ S(B)
Z¥ipi-1
1—q
1—g¢
Su(A -+ B) = 5,(4)+ 54(8) + (T 1) 5,(0)5(B)
EXTENSIVIDADE: Dados N subsistemas Aj,..., Ay, uma entropia S é extensiva se

S(N)

0< lim T<oo S(N)x N quando N — oo

Porém, a entropia de tsallis S; = satisfaz
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Estatistica nao extensiva e estruturas associadas

Nio aditividade :  Sy(A+ B) = Sy(A) + So(B) + <%) Sy(A)S,(B)
B

gsoma: @y =z+y+(1—qzy —zx+y quando ¢—0

1/0-0)

g-produto: = ®qy:=[z' Ty "= —xy quando ¢ —0

L. Nivanen et al., RMP 52, 437-444 (2003) - E. P. Borges, Phys. A 340, 95-101 (2004)
g-algebra (Bq, OS¢, Rq, @q) € g-derivada D, f(z) = (1 + (1 — q)z)df /dx

Mapeamento entre oscilador harménico com derivada deformada e oscilador de
Morse mediante a transformacio canénica n = 2002 (4 — 1 _ ¢)

Y

L OY(x,  o? o 2z?
or - in Y (1502 00 ety 5110 2 Dt 1)+ ™ )
8 h2 82 2
OM: in P20 — 2o, 0) 4 (T = 100 0) . 6(0.8) = Uil 0
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asseio aleatério deformado

correspondéncia biunivoca entre massa dependente da posicao e derivada

deformada
_ g(x) i? — m(z) = mo (z) = (1 +~z)? (q-dlgebra)
97 Yo 022 Tyl o T T TR EE

PHYSICAL REVIEW E 102, 062105 (2020)

Deformed Fokker-Planck equation: Inhomogeneous medium with a position-dependent mass

Bruno G. da Costa®,"” Ignacio S. Gomez®,>" and Ernesto P. Borges
Unstituto Federal de Educagdo, Ciéncia e Tecnologia do Sertdo Pernambucano, Rua Maria Luiza de Araiijo Gomes Cabral s/n,
56316-686 Petrolina, Pernambuco, Brazil
Instituto de Fisica, Universidade Federal da Bahia, R. Barao de Jeremoabo s/n, 40170-115 Salvador, Bahia, Brazil

M| (Received 20 April 2020; revised 2 July 2020; accepted 30 October 2020; published 2 December 2020)

We present the Fokker-Planck equation (FPE) for an inhomogeneous medium with a position-dependent mass
particle by making use of the Langevin equation, in the context of a generalized deformed derivative for an
arbitrary deformation space where the linear (nonlinear) character of the FPE is associated with the employed
deformed linear (nonlinear) derivative. The FPE for an inhomogeneous medium with a position-dependent
diffusion coefficient is equivalent to a deformed FPE within a deformed space, described by generalized
derivatives, and constant diffusion coefficient. The deformed FPE is consistent with the diffusion equation for
inhomogeneous media when the temperature and the mobility have the same position-dependent functional form
as well as with the nonlinear Langevin approach. The deformed version of the H-theorem permits to express the
Boltzmann-Gibbs entropic functional as a sum of two contributions, one from the particles and the other from
the inhomogeneous medium. The formalism is illustrated with the infinite square well and the confining potential
with linear drift coefficient. Connections between superstatistics and position-dependent Langevin equations are
also discussed.
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aleat: deformado

Deformando o RW (PRE, 2023)

PHYSICAL REVIEW E 107, 034113 (2023)

Deformed random walk: Suppression of randomness and inhomogeneous diffusion

Ignacio S. Gomez
Departamento de Ciéncias Exatas e Naturais, Universidade Estadual do Sudoeste da Bahia,
Rodovia BR 415, km 03, s/n, Itapetinga, BA 45700-000, Brazil

M (Received 5 September 2022; accepted 17 February 2023; published 8 March 2023)

‘We study a generalization of the random walk (RW) based on a deformed translation of the unitary step,
inherited by the ¢ algebra, a mathematical structure underlying nonextensive statistics. The RW with deformed
step implies an associated deformed random walk (DRW) provided with a deformed Pascal triangle along with
an inhomogeneous diffusion. The paths of the RW in deformed space are divergent, while those corresponding
to the DRW converge to a fixed point. Standard random walk is recovered for ¢ — 1 and a suppression of
randomness is manifested for the DRW with —1 < y, < 1 and y, = | — ¢. The passage to the continuum of
the master equation associated to the DRW led to a van Kampen inhomogeneous diffusion equation when the
mobility and the temperature are proportional to 1 + y,x, and provided with an exponential hyperdiffusion that
exhibits a localization of the particle at x = —1/y, consistent with the fixed point of the DRW. Complementarily,
a comparison with the Plastino-Plastino Fokker-Planck equation is discussed. The two-dimensional case is also
studied, by obtaining a 2D deformed random walk and its associated deformed 2D Fokker-Planck equation,
which give place to a convergence of the 2D paths for —1 < y, ., ,, < 1 and a diffusion with inhomogeneities
controlled by two deformation parameters y,, , y,, in the directions x and y. In both the one-dimensional and the
two-dimensional cases, the transformation y, — —y, implies a change of sign of the corresponding limits of the
random walk paths, as a property of the deformation employed.

DOI: 10.1103/PhysRevE.107.034113
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Passeio aleatério deformado

Passeio aleatdrio no espaco deformado

Probabilidade de dar um passo i-ésimo (X;), = (+1)4 ou (X;)q = (—1)4 no
espago deformado z,:
P((Xi)q = (+1)g) =p ) P((Xi)g=(-1)g)=1-p

sendo

1 1
(£l)g=—In(l £, , z4=—(1+.2)
Yq Vq

A posi¢do deformada (.S,,), definida por

n

(Sn)g = (X1)g+ (X2)g + ...+ (Xp)g = Z(Xi)q

i=1

Daqui surge a pergunta: Qual é a estrutura do passeio aleatério X;
correspondente ao passeio aleatério deformado (X;),?

1
(Xi)g—=Xs , zg=—In(l+y2)—z
Yq
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Passeio aleatério deformado

Estrutura do passeio aleatério no espaco padrao x

Propriedade: Dados x,y nimeros reais, a g-soma x ©, ¥y = = + y + 42y satisfaz
Tq+Yqg = (T Dq Y)q
Logo,
(Sn)g=X1)g+ (X2)g+ ...+ (Xn)g = Sn=X18,XoBq... B¢ X

sendo ,
e’Yq(ZEL:ﬂX%)q) —1

Sp = X1 By Xo By ... By Xp = -
q

S1 =X
Sy = X1+ Xo + 7, X1 X>

S

i=1 i<j i<j<k

O parametro de deformacdo ~y, apresenta-se como correcdes perturbativas 'yé
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Triangulos de Pascal RW e DRW

Tridngulo de Pascal RW comp=1/2en =5

k 5[ —-4]-3]-2]-1]0o]1[2[3[4]5
P(Sy = k) 0
2P(S; = k) 1 1
22P(Sy = k) 1 2 1
23P(S3 = k) 1 3 3 1
24P(S4 =k) 1 4 6 4 1
P(Ss=k) | 1 5 10 10 5 1

Triangulo de Pascal DRW comp=1/2, n=5e vy, =1/2

0
1 1
15(1) | -05(2) | 25(1)
17 (1) | -12(3) 02(3) | 5(1)
19(1) | -16(4) [ -00(6) | 14(4) |81(1)
19 (1) | -1.8 (5) | -1.4 (10) 0.3 (10) | 3.1 (5) | 13.2 (1)
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Trajetérias do DRW - Inomogeneidade

e’Yq(Z?:ﬂXi)q) —1
Sn=X180¢X2®Bq...0q Xn = 7— (posicao depois de n passos)
q
cédigo Mathematica: ListLinePlot[f[Accumulate[RandomChoice[g[-1], g[1], 100]]],
k[Accumulate[RandomChoice[h[-1], h[1], 100]]], Table[k, 2*(Exp[-(0.5) k] - 1), k, 0, 100],
Table[k, -2*(Exp[-(0.5) k] - 1), k, 0, 100], PlotStyle — Dashed, Blue, Dashed, Red, Blue, Red,
Frame — True, FramelLabel — Style[“number of steps”, FontSize — 18, Black], Style[“position
of walker”, FontSize — 18, Black], LabelStyle — Directive[Black, FontSize — 16], PlotLegends
— "0.5", “-0.5", “"exp”, “exp”]

i
5 A
= iwi
© 1k
3 7 R — 0.5
5 ol
- s -05
i) i
:‘U:‘) —1 r ‘lll‘ ,IA"“ exp
o i \
Q -2—5 = exp

0 20 40 60 80 100
number of steps
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Passeio aleatério deformado

Teorema de convergéncia para DRW

Intuitivamente, vemos que as trajetdrias do passeio aleatério deformado
satisfazem assintéticamente

dX
— 11— X X(0)=0
dt |'7q| 9 ()

cuja solugdo X (t) = (e~halt —1)/~, é observada j& apés n=100 passos

Theorem: (convergéncia unidimensional do DRW)

Let f+, /- : R — R be the functions fi(z) =2 &, 1==z(1+,) + 1 and
fo(z) =284 (—1) = (1 —y4) — 1. Let X,, be the position of the walker at
instant ¢ = n. Then,

(1) Xny1 = fo(Xyn) or Xy = f-(X,,) for all n € N.

(1) If |7q| < 1 then limy, o0 X, = =7, .
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Passeio aleatério deformado

Passeio aleatdério deformado e equacao de difusao
deformada

A equagdo mestra para Py(z4,t) em uma rede de pardmetro a, no espago x, é

P(x,t + At) = pP(x + (+a)q, t) + (L — p)P(x + (—a),, t)

1-p
< »
-3aq -Zaq -dq (Xo)q=0 dq Zaq 3aq 4aq

00 000 0 0 0

——
dq

para p =1/2 no limite a — 0 e At — 0, a partir de (+a,) ~ *a e de

Pe+(Ea)y,6) = P 0+(20) P+ EDLDIP | Doy, A1) ~ Play, 0+ A1 0L
obtem-se a equacdo de difusdo deformada (DFPE, PRE da Costa et al. (2020))
GP(xq,t) _ 2 _ i _ ﬂ
8t _FDq,P(xfbt) ) F— 2At ) qu(il,’) - (1+’qu)dx
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Estrutura da equacao de difusao deformada

8’P(xq, t) 9 a® df
=ID I'=— D =(1 -
ot P(xtp t) oAt of (@) = (1 +747) dr
é equivalente a
P
9 =I— 0 (14 v4x)=— 0 (1 +~4z)P(x,t) (van Kampen diffusion)

ot ox

com as relacdes

P(z,t) = ?f:ig , 1= /P(:mt)dx = /P(xq,t)dxq
q

Assim, a solugdo de difusdo livre homogénea no espago deformado z,

1 x?
P(a:(bt) = \/ﬁexp _ﬁ

corresponde a difusao livre nao homogénea no espaco x dada por

ox

1 1 In?(1 + 7,42)
Plx.t i Sl L el
) = 15 Vot P < (2T'0)2 )
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Passeio aleatério deformado

Tempos longos (t — o) solugdo estacionaria

4,
= 3f
X
e — t/1=0.1
S — t/r=1
S — =10

0,

-2 0 2 4 6 8 10

X/ly

4
=3
X
Eé 5 — t/1=0.1
IS — t/t=1
o1 — t1=10

0

Py(z) =0(z+1/7g) com x> —1/7; (74>0) ou z<—1/7; (74 <0)
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MSD (mean standard deviation) - desvio padrdao médio

220 : Vo=

T 15: ;

¥ 1o e Ry

" 05 / filo=04
00l ¥qlo=0.8
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Passeio aleatério deformado

Comparacao RW-DRW

H propriedade

passeio aleatério

passeio aleatério deformado

triangulo de Pascal

simetria ao redor de x =0

asimetria
aleatoriedade sim ndo
limite assintdtico ndo Xn = —1/7,
S, X1+ ...+ X+ X1 @g.. Dy Xn
memodria nao nao
equacdo de difusdo | 0;P(z,t) = 0., P(z,t) 0P (xq,t) = TD7P (x4, t)
solucdo estacionaria constante ~ 0 Ps(x ) = 5(:c + 1/'yq)
MSD ((Az)2(t)) It — e
tipo de difusao linear exponqencial
tempo caracteristico 00 T=1/(l)
localizacao ndo x=—1/7,

Ignacio Sebastidn Gomez
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Consideracoes finais

@ Uma supressdo de aleatoriedade é observada para o DRW com |y,| < 1
refletida na convergéncia de qualquer trajetéria comegcando em X = 0, sendo
o limite assintdtico z = —1/~,.

@ A convergéncia exponencial das trajetérias do DRW s3o consequéncia da
g-deformacio utilizada.

@ A equacdo mestra do DRW implica uma equac¢ado de Fokker-Planck
deformada que resulta um caso particular da equagdo inomogénea de difusdo
de van Kampen.

© Uma localizagcdo e um tempo caracteristico finito resultam dependentes do
parametro de deformagdo vy,, recuperando-se o caso padrdo para deformagdo
nula.

@ Outras deformacgdes poderiam ser empregadas para gerar outros DRW, como
por exemplo a deformag3o da dlgebra de Kaniadakis herdada da estatistica de
Kaniadakis.
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